In this work, we analyze the discrete in time 3D system for the globally modified Navier-Stokes equations introduced by Caraballo (2006) [1] . More precisely, we consider the backward implicit Euler scheme, and prove the existence of a sequence of solutions of the resulting equations by implementing the Galerkin method combined with Brouwer's fixed point approach. Moreover, with the aid of discrete Gronwall's lemmas we prove that for the time step small enough, and the initial velocity in the domain of the Stokes operator, the solution is H 2 uniformly stable in time, depends continuously on initial data, and is unique. Finally, we obtain the limiting behavior of the system as the parameter N is big enough.
Introduction
Let ⊂ R 3 be a bounded domain with regular boundary = ∂ . The globally modified Navier-Stokes equations of viscous incompressible fluids are [1] ;
where, v = (v 1 , v 2 , v 3 ) is the velocity of the fluid, ν is the kinematic viscosity, p the pressure, and f ≡ f (t) is the external body force, and for some N ∈ R + , F N : R +  −→ R + given by For the mathematical understanding of the problem, we introduce the following functional spaces [2] (1.5) where, n is the unit outward normal on , the derivative ∂ β v has to be understood in the sense of distribution. We will denote by ‖ · ‖ k the classical Sobolev norm, and by (·, ·) and ‖ · ‖ the L 2 -inner product and norm respectively. The notation will be used for scalar-, vector-and matrix-valued functions, with the norms for the latter two types of functions begin defined in the usual, component-wise way. As usual, u(t) stands for the function x ∈  −→ u(x, t).
The space H is endowed with the classical L 2 structure, while V will be endowed thank to Poincaré's inequality with the scalar product and the norm ((v, u)) = (∇v, ∇u), |||v||| = ‖∇v‖.
We denote by P the Leray projection of L Also, from the regularity theory for the Stokes equation, it is proved by several authors (see in particular [2] ), that 
D(A)
=
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With the above notations in place, the globally modified Navier-Stokes equations (1.1)-(1.4) can be re-written in the weak form as;
(1.13)
Caraballo et al. [1] , have shown that the weak formulation (1.13) admits a unique regular solution provided that
, and v 0 ∈ V. Moreover, they have also shown that the solution v(t) depends continuously on the initial conditions, N and v 0 . The latter continuous dependence allowing them to construct a nonlinear C 0 semigroup S(t) acting on the phase space V. Thanks to a uniform compactness condition (called the flattening property), they have shown that the semigroup S(t) constructed has a global attractor in V. Recently, Marco [3] has proved uniqueness of weak solutions of (1.13), provided that the initial condition is in H.
As rightfully mentioned in [1] , the system of partial differential equations under consideration violates the laws of physics. But, it has the remarkable property of controlling the gradient which prevents explosion. The term global comes from the fact that the stabilization term F N is function of |||v|||, and defined over the whole domain . The system is well grounded mathematically, and it has been shown to approximate in some sense Navier-Stokes equations.
In this work, we consider the time discretization of (1.13) using Euler's implicit scheme
where k is the time step, v m is the approximation of v| t m , and
and we seek to obtain uniform bounds with respect to m of the solutions v m of (1.14) in L 2 , H 1 , and H 2 . Next, we find circumstances under which v m depends continuously on N and v 0 , and prove the unique solvability of (1.14). Finally, we construct the discrete semigroup S m and deduce the absorbing set and global attractor associated to it. Before we proceed further, we should mention that works on the numerical analysis of Navier-Stokes equations and its variants are well documented in the literature (the impressive work of Roland Glowinski or Vivette Girault can be considered as testimony), but it must be recognized that most of the time they have been concerned with well-posedness of boundary and initial value problems, convergence rate, linear/nonlinear stability and computational techniques.
In the present paper, we present energy estimates for the velocity similar in spirit to those of [2, 4, 5] . Numerical schemes that inherit properties of the continuous model are now well documented in the literature (see [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , among others). In that regard, two dimensional Navier-Stokes equations have been studied in [8, 4, 6, 9, 10] , while numerical schemes that replicate the a priori estimate of the H 2 norm of the velocity for MHD have been constructed in [5] . Ning Ju [7] , has proved the existence of a global attractor in V by using the method presented in [16] [Chap 3], which consists of obtaining some a priori estimate in more regular function spaces and using compact embedding of the Sobolev spaces. A similar approach will be adopted here.
It is worth mentioning that the discrete in time problem (1.14) is consistent in the sense that the sequence (v m ) m≥1 defined through (1.14) satisfies the weak problem (1.13) as k −→ 0.
The structure of the rest of this work is as follows. In Section 2, the existence of solutions of (1.14) is established combining Faedo-Galerkin and Brouwer's fixed point theorem. Section 3 deals with the uniform stability of v m in H and V. Section 4 is concerned with the stability of the solutions in D(A), continuous dependence of the solutions with respect to initial data, the unique solvability of (1.14), and the construction of the discrete semi group S m . Finally, the limiting behavior of the solution v m N as N is big enough is discussed in Section 6, while we summarize the results obtained in our work in Section 7.
Solvability
In this section, Faedo Galerkin's method together with Brouwer's fixed strategy is adopted to construct the weak solutions of (1.14). This approach is classical and heavily discussed for two dimensional Navier-Stokes equations in [2, 17, 18] . A weak solution is understood here to be any solution which satisfies the differential equation and boundary condition in the weak (distributional) sense.
The following inequalities will be used thoroughly ab ≤ ϵ 
Also of importance are the following Sobolev inequalities [2] , which will be employed for ⊂ R 3 : there exists a constant c > 0, depending only on , such that for all v ∈ H 1 ( ),
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We will also utilize the following results proven in [1] .
The following is one of the main results of this section. Proof. The existence of a sequence of solutions (v m ) m≥1 of (1.14) is shown by the Galerkin method in several steps as follows:
Step 1: Existence of approximate solutions. 
where 
where K p = ⟨w 1 , w 2 , . . . , w p ⟩ is the space generated by the indicated vectors.
At this stage, it suffices to implement a consequence of Brouwer's fixed point theorem (see Corollary 1.1, Page 297, in [17] ).
We first show that Q is continuous. Let
To continue further, we need to bound
First, from (1.12), and the triangle inequality, one gets
Firstly from the definition of F N , (1.8) and (1.7), we obtain
Secondly, from Lemma 2.1, (1.8) and (1.7), we find
Thirdly one gets similarly,
Returning to (2.5) with (2.6)-(2.8), and using (1.7), we obtain 9) which indicates that Q is continuous on V.
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Next, for u ∈ K p , using Cauchy-Schwarz, and (1.7)
. Therefore for any u ∈ K p , with |||u||| = r, one has ((Q (u), u)) > 0. We then deduce the
Step 2: Some a priori estimates. At this junction, we recall that k and m are kept fixed, and we want to obtain a priori estimates independent of p, and then pass to the limit as p −→ ∞.
Taking the L 2 inner product of (2.4) with v m p , and after using (2.2), we obtain,
The right hand side of (2.11) is treated with Cauchy-Schwarz, (1.7) and (2.1) as follows
which combined with (2.11) gives
Next, taking the L 2 inner product of (2.4) with Av m p , we find (where we have used (2.3))
which together with (2.1), gives
Combining the latter inequality with (2.12), one has
(2.13)
Step 3: passage to the limit.
We recall that k and m are fixed. 
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(2.14)
Now, we shall prove that v m is the solution of problem (2.4). For that purpose, it is enough to show that
For that purpose,
where we have used Lemma 2.1. At this step, following [2] , one has
| is bounded uniformly with respect to p, and using (2.14), one sees that
Therefore, from (2.15), we get the desired result.
Stability in H and V
In this section, we are interested in obtaining some a priori estimates on the approximate solutions constructed in Theorem 2.1. We follow [2, 4] where the stability of the 2d Navier-Stokes system has been established. 
Uniform estimates in H
Proof. Taking the scalar product of (1.14) with 2kv m+1 in H, and using (2.2), and the skew property (1.12), we obtain
The right hand side of (3.3) can be treated using the Cauchy-Schwarz inequality, Poincaré inequality, (1.7) and (2.1) as follows
which combined with (3.3) imply
Thanks once more to (1.7), (3.4) becomes
(3.5) Now, using (3.5) recursively, we find
It is then apparent that
which is the first inequality announced in Lemma 3.1.
From (3.6), it appears that there exists an integer m 0 > 0, such that 
Putting together (3.7) and (3.9), one obtains
which is the second inequality announced in Lemma 3.1. 
Uniform estimates in
Proof. Taking the scalar product of (1.14) with 2kAv m+1 in H, and using (2.2), we obtain
From, (1.10), the definition of F N , and (2.1)
Returning to (3.11), one obtains
(3.12)
By (1.6) and (3.7), (3.12) gives
(3.13) 
which proves the first inequality in Lemma 3.2.
One also observes that there is an integer m 0 > 0 such that
Next, Adding up (3.12) with m from i to L, we find
We then easily obtain the second inequality announced in Lemma 3.2.
Uniform bound for
In this section, we want to obtain uniform bounds with respect to m of the quantity
analysis where this section is inspired has been recently conducted in [5] . Ju Ning has obtained uniform bounds of
when dealing with parabolic p-Laplacian in [7] . The estimates obtained here are based on classical and uniform Gronwall's lemmas. We first claim that; 
Proof. For n = 0 in (1.14) and w
where the linearity of A has been used. We take the scalar product of (4.1) with Aw 1 in H, we find
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The right hand side of (4.2) can be treated using the Cauchy-Schwarz inequality as follows
where we have used (2.3). Combining (4.3) with (3.14), we find
Returning to (4.2), one has
which, together with (2.1), leads to
(4.5)
Again taking n = 0 in (1.14), we find
Having in mind that v
which together with (4.5), gives the desired result, that is Secondly, we claim that 
Proof. Let
From (1.14), one has
Take the scalar product of the latter equation with 2kw m+1 in H, we find 
Next,
|||. Returning to (4.6) with (4.7), (4.8) and (4.9), one obtains
But since by assumption 1 − 2kC 1 > 0. Thus
Using (4.11) inductively, one has 12) which gives the desired inequality by applying Lemma 4.1.
One clearly observes that Lemma 4.2 is valid only for a finite time, say for some m, with m = 1, 2, . . . , M = ent(T /k), where ent(T /k) is the entire part of T /k with T an arbitrarily fixed constant. In order to get a bound valid for all m > M, we shall adapt Lemmas 7 and 8 presented in [5] . We first recall or introduce the discrete version of the uniform Gronwall lemma formulated in [5] , which is a powerful tool in getting uniform Gronwall's bounds. 
We can now state the uniform a priori bound of
, and (v m ) m≥1 , the solution sequence defined by (1.14) . Let T > 0 be arbitrarily fixed and let k be such that k < min (1/2C 1 , T /4). Then one can find K 4 > 0 such that 
We let;
We then apply Lemma 4.3.
Having the uniform bound for 
which from (2.1) gives 13) with C 1 , C 2 , C 3 positive constant depending only on ν and . We then get the desired inequality by applying Lemmas 4.4 and 3.2.
Continuous dependence of solutions on initial data and N
In this paragraph, we show the continuous dependence of the solutions of (1.14) with respect to the initial data v 0 , and N.  . 
Taking the scalar product of the w m -equation of (5.3) with 2kAw m+1 in H and using (2.2), we obtain
It is clear that to proceed further, we need to estimate the quantity
First, from (1.12), one gets
Now using (1.9) , and the definition of F M , we obtain
(5.5) Next, from Lemma 2.1, (1.9) and (1.6)
Thirdly,
which together with (5.5), (5.6) and (3.4), gives
In what follows, we estimate the right hand side of (5.7). First from (2.1),
(5.9)
Finally,
(5.10)
Returning to (5.7) with (5.8) and (5.9), we obtain
Thus for an adequate choice of ϵ i , there is positive constant C such that 
Conclusion
In this work, a fully nonlinear implicit scheme based on Euler discretization has been proposed and analyzed for the globally modified three dimensional Navier-Stokes equations introduced in [1] . We have shown that the formulated time discrete scheme is uniquely solvable, and studied the uniform stability of the sequence of solutions in the spaces H and V, and D(A). Next, we have established that the solution sequence obtained preserves the qualitative properties of the continuous model, viz, depends continuously on initial condition and admits a global attractor, the limiting behavior of the model when N approaches infinity.
